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Introduction.
Let K be a number eld. We will let G K denote its absolute Galois group; and for each nite prime } of K we will let G } G K denote a decomposition group for }, I } C G } the inertia subgroup and Frob } 2 G } =I } the arithmetic
Frobenius element. These are all uniquely de ned up to conjugation in G K .
We will also let N} denote the cardinality of the residue eld of }. where the product is over all nite primes of K and where I} denotes the representation of G } =I } on the I } invariants of . This de nition is easilly seen to independent of the choices of G } , I } and Frob } . The product converges for the real part of s greater than 1. Brauer 3] showed that L( ; s)
has meromorphic continuation to the whole complex plane and satis es a certain functional equation relating the values at s and 1 ? s. Artin 2] conjectured that L( ; s) is holomorphic except for a possible pole at s = 1 when the trivial representation is a constituent of . Because any such representation is semi-simple and because L( 1 2 ; s) = L( 1 ; s)L( 2 ; s) we see that it su ces to treat the case where is irreducible. It is now generally expected (the \strong Artin conjecture") that in the case where is irreducible there should be a cuspidal automorphic representation ( ) of GL n (A K ) such that L( ( ); s) = L( ; s). This implies Artin's original
conjecture, but appears to be strictly stronger. In the case dim = 1 the existence of ( ) follows from class eld theory ( 1] ) and the holomorphy of L( ; s) was known ( 13] In this article we will describe an approach to the strong Artin conjecture for odd, irreducible, icosahedral representations : G Q ! GL 2 (C ). By odd we mean that det (c) = ?1, with c denoting complex conjugation. I rst outlined this approach to Wiles in 1992 when I learnt of his progress on the Shimura-Taniyama conjecture. Since then some progress has been made on this approach and it is perhaps time to describe the overall strategy in print.
In the rst section we will recall some background material. In the next section we will sketch the basic strategy, and in the last two sections we will ll out this sketch somewhat.
1. Notation and background.
In this section we shall establish some notation and recall some basic facts about modular forms. We will let H denote the upper half complex plane.
By a modular form of weight k and level N we shall mean a holomorphic function f : H ! C such that For any n 2 Z 1 we de ne an operator T(n) on S k (N) by the formulae
We have the useful formula c 1 (fjT (n)) = c n (f). Finally we de ne S p = p k?2 hpi = (T (p) 2 ? T(p 2 ))=p if p6 jN. We let T k (N) denote the Z-algebra generated by hdi for d 2 (Z=NZ) , by T p for p6 jN and by U p for pjN all acting on S k (N). It is also the Z-algebra generated by the T(n) for all n 2 Z 1 acting on S k (N). It is commutative and nitely generated as an abelian group. The pairing . If r 2 l Q \ 1; 1=l) we let SS <r denote the union over x 2 SS of the lifts x of x with jT x (x)j l < r. If r 2 l Q \ (1; 1=l] we let X 1 (N) >r denote the Q l points x of X 1 (N) which either do not reduce to a point of SS or reduce to x 2 SS but jT x (x)j l > r.
Both SS >r and X 1 (N) <r are admissible open subspaces of the rigid space attached to X 1 (N) K for a suitable nite extension K=Q l (depending on r). If r 1 < r 2 then X 1 (N) = X 1 (N) >r1 SS <r2 is an admissible cover. These de nitions do not depend on the choice of the parameters T x .
In this paragraph suppose again that N 5 and that l6 jN. It may be useful to discuss the various assumptions in this theorem. The assumptions that be unrami ed at l can be weakened (see forthcoming work of Buzzard). Whether it is reasonable to hope it can be removed entirely is not clear to me. Perhaps it can be avoided by using base change.
The assumption that the order of (G l ) is divisible by a prime other than l seems to be of a technical nature. The assumption that l 5 also seems to be of a technical nature. This restriction comes not from the paper 4], but from the papers cited therein. My expectation is that this restriction is only serious if l = 2 and then it is only serious in two of the references. Firstly the reference to 23], which is currently being investigated by Mark Dickinson for his Harvard PhD. Secondly the reference to 20], which is currently being investigated by Ribet and his student David Jones. In the latter case it seems likely that the di culty can be avoided by imposing an additional local assumption that 2 divides the order of (I p ) for some p 6 = 2. Let me formulate as a conjecture a generalisation of this theorem which I am hopeful will be proven in the near future. Conjecture 1. Suppose that is unrami ed at l, that the order of (G l ) is divisible by a prime other than l and that if l = 2 then 2 divides the order of (I p ) for some p 6 = l. Suppose also that is modular. Then the strong . One can expect them to be weakened in the near future, but it is less clear how soon it will be possible to remove them entirely. In fact using the results of 7] one may already reduce the assumption at 3 from being unrami ed to being tamely rami ed.
In the rest of this paper we will comment brie y on the proofs of theorems 1 and 2. Both rely in an essential way on the work of Wiles 25] 4. l-adic representations unrami ed at l.
We will now brie y discuss the proof of theorem 1. In fact it is no more di cult to prove a stronger theorem. We will put ourselves in the following situation. Let O denote the ring of integers of a nite extension of Q l , its maximal ideal and k its residue eld. Let : G Q ! GL 2 (O) be a continuous representation which is rami ed only at a nite set of primes. Let denote the reduction of modulo . In 4] the following theorem which is stronger than theorem 1 is proven.
are proved by rst reducing the level to a certain minimal case (following Ribet 20] and others), lifting in the minimal case (using the method of Taylor- Wiles 23] ) and then extending to the more general case again (using the method of Wiles 25] ). Both the rst two steps use l 6 = 2 in a signi cant way. The rst uses an auxiliary prime p 6 1 or 0 mod l. The second requires a numerical coincidence in Galois cohomology for the method to work, which becomes delicate if l = 2.
Because det is unrami ed at l we see that F and F factor through T 0 (N)=XT 0 (N). Thus, at least if l 5, they de ne sections of ! over the rigid space X 1 (N) >l ?l=(1+l) . We introduce F = ( F ? F )=( ? ) and F 0 = (F ?F )=( ? ). Then F = P 1 n=1 a n q n is formally a weight one level N normalised eigenform, while F 0 = P 1 n=1 a n q ln . We have that 1. a p = tr (Frob p ) for p6 jN (including p = l);
2. a p = 0 for pjN. In 4] we fabricate from F 0 a rigid section of ! over SS <l ?1=(1+l) which we show matches F on SS <l ?1=(1+l) \ X 1 (N) >l ?l=(1+l) . Gluing and applying rigid GAGA we see that F extends to a classical weight one modular form such that f . Thus has nite image and the strong Artin conjecture holds for .
